Introduction
In recent years, topology optimization has become the focus of the structural design community and has been researched and applied widely both in academia and industry. For recent review the reader should consult the reference by Rozvany, et al. (1995) . There are mainly two approaches for topology optimization of continuum structures, namely, homogenization and density methods. The premise of the homogenization method is to compute an optimal distribution of microstructures in a given design domain (Bends0e and Kikuchi, 1988) . The properties of the microstructures are homogenized, i.e., they are assumed to be distributed uniformly across a finite element. The sizes of the micro-cavities are treated as design variables for the topology optimization problem. The premise of the density method is to compute an optimal distribution of an isotropic material (Bends0e, 1989; Zhou and Rozvany, 1991; Rozvany et al., 1992; Mlejnek, 1992 and Yang and Chuang, 1994; and Yang and Chahande, 1995) , where the material densities are treated as design variables. A fictitious relationship between the mechanical properties and the density of the material is introduced, such that the intermediate densities are penalized, and a clear topology is obtained. In this paper, the density method is used to formulate the topology optimization problem for connections.
Almost the entire work in the area of topology optimization has been for a single component. Mechanical systems, however, consist of multiple components that are connected using different joining mechanisms (connections). Optimal topology design of connections in structural systems has not been treated so far. The goal of this paper is to formulate and solve a problem that addresses this aspect of structural design. A question to be answered is where the components should be joined (connected) to optimize the overall performance of a structural system.
The potential range of applications of this technology is extremely wide. The method can be applied to determine the optimal topology and locations of joints for any application where two or more components are to be connected. Note that the definition of connection is left as broad as possible to capture a host of applications. Depending on the area of application, the expression "connection" can be replaced by a number of fasteners (such as, pins, rivets, bolts, threaded fasteners, mechanical keys, or mechanical springs) and also by welds, and adhesive and braze bonds. Additionally, this method can be applied to fixture design for manufacturing and assembly. As examples in this paper, two areas of applications are discussed that are of particular interest in the automotive industry: spotweld and adhesive bond design.
The remainder of this paper is organized as follows. First, a classification of different types of structural optimization is introduced, and the topology of connections is defined, accompanied by a brief literature review. Next, the problem is posed and formulated in mathematical terms. Gradient calculation is discussed next, followed by the optimization algorithm used to solve the problem. The application areas of optimal pattern design for spot-welds and adhesive bonds are discussed, and three examples are presented. Finally, concluding remarks summarize the findings of the paper and suggest possible future research.
Classification and Definitions
In this section, the topology of connections is defined, and a new classification for structural optimization is introduced to include the new type of topology optimization problems.
Traditionally, component-level structural optimization problems are classified into sizing, shape, and topology optimization. In the case of sizing optimization, design variables are, for example, proportions of a component such as bar cross-sectional areas, plate thicknesses, or moments of inertia, where during the optimization procedure no shape changes occur. For shape optimization, design variables define the shape of the boundaries of components, for example, the coordinates of vertices of a boundary polygon or the control points of a B-spline boundary curve. In this case, however, the topology of the structure remains unchanged. In topology optimization, the general layout of a component is optimized. For example, the number of holes in a solid structure is a topological feature that can be determined optimally using topology optimization. For a review of this classification, the reader should consult the references by and Bends0e and Kikuchi (1988) .
We classify design of connections between components in system-level structural optimization under two categories: geometry and topology optimization. In case of geometry optimization of connections, a given set and topology of connections are moved (according to a set of design variables-usually coordinates of the connection points) to obtain a design that minimizes (or maximizes) an objective function and satisfies a set of constraints. In the case of topology optimization of connections, no pattern of connections is given, and the topology of connections is optimized. The topology of connections is defined in the next paragraph. The optimization problem formulated in this paper addresses this issue. Topology optimization of connections is broader than geometry optimization of connections and useful at the conceptual design stage, as is the case for topology optimization of components.
A brief review of some references in the literature to geometry optimization of connections follows. The optimal fixture design problem for holding prismatic work pieces is solved by Menassa and DeVries (1991) . The optimal fixture design problem for automotive assemblies is solved by Cai et al. (1994) . In both references, the coordinates of fixture location points are treated as design variables. Finally, the work by Johanson (1996) addresses the more general problem of how to connect two or more components. The problem is solved by introducing variable stiffness matrices that become activated according to the location of the connection point. Additionally, a component-level structural topology optimization is performed in sequential iterations with the geometry optimization of connections. In all three references on geometry optimization of connections, a finite-difference technique is used to calculate gradients, and a sequential quadratic programming to solve the optimization problem.
We could not find any reference to topology optimization of connections in the literature and attempt to formulate and solve this problem rigorously later in this paper.
Topology of Connections.
We start with a definition of topology of components (Gea, 1993) that is applicable only to polyhedral objects: Definition 1: A finite polyhedron of a domain f2 in R' consists of V vertices, E edges, and F faces. If each edge connects two vertices and is shared by exacdy two faces, at least three edges meet at each vertex, and no face is interpenetrated by the other, then we have a topological invariance X{VL) = V -E + F, called the Euler number, or Euler characteristic of the finite polyhedron of the domain fi.
The topological invariance provides a tool to examine the topological equivalence of any two designs. For example, for a twodimensional single-component design with H holes, if each edge connects two vertices, exactly two edges meet at each vertex, and no hole is interpenetrated by the other, then // is a topologi- cal invariance. Thus, the number of holes corresponds to the topology of a two-dimensional component. Now we define the topology of connections in a structural system. There are several ways to define topological networks of joints (connections) among the rigid bodies for different purposes of developing algorithms in rigid body dynamics simulation (see, e.g., Wehage, 1988; and Anderson, 1990) . In these definitions, Matrices or sets are used to define joint orientation, connectivity and adjacency. However, the information about the number of connections between any two components (bodies) is not included in these definitions. If two bodies are connected, then one joint is assumed to be used. In topology optimization of connections presented in this chapter, the number of connections between any two components is to be optimized. Therefore, to serve our purposes we define the topology of connections in a structural system as follows: In this definition, the number of connections between any two components, niij, is used as an element of matrix A to define the topology of connections.
An example, shown in Fig. 1 , helps illustrate this definition. In this particular structural system consisting of three components, there are three connections between components 2 and 3, a single connection between components 1 and 3, and no connection between components 1 and 2. The matrix representing the topology of connections for the system is as follows:
According to Def. 2, if two matrices representing the topologies of connections for the two structural systems are equal, then the two structural systems have the same topology of connections.
A comparison between the definitions of topology for a single component and a system of connections is shown in Fig. 2 . The two components in Figs. 2{a ) and 2{b) have the same topology, although their shapes are different. However, if gap AB in Fig.  2 (fc) is closed, the component with one hole becomes a component with two holes, and its topology changes. A similar phenomenon occurs for the topology of connections for the structural systems shown in Figs. 2(c) and lid). Both systems have the same topology of connections, although the locations of the connections for the two structural systems are different. However, if endA of the middle connection shown in Fig. 2(d) is moved from component 1 to component 2, the numbers of connections between components 1 and 3, and between components 2 and 3 change. Hence, according to Def 2, the topology of connections for the structural system changes. 
Topology and Geometry Optimization of Connections.
An illustrative comparison between geometry and topology optimization of connections is shown in Fig. 3 . A connection is modeled as a spring. In the topology optimization of connections, the stiffness rate of the spring is treated as a design variable, while in the geometry optimization of connections, the location of the spring (connection) is treated as a design variable. When the optimal topology of connections is obtained in the topology optimization of connections, the nearly optimal locations of the connections are obtained simultaneously. Figure 4 shows a hypothetical connection design problem that helps illustrate the comparison between geometry and topology optimization of connections. Figure 4 (a) shows how a geometry optimization problem may be formulated. The connection Ci, Cz, and C^ are given and can be moved along the design variables X\,X2, and x^, respectively. Assuming that the "true" optimum is the design shown in Fig. 4(Z) ), the way this geometry optimization problem, shown in Fig. 4(a) , is formulated fails to capture this optimal solution. Figure 4(c) shows how a topology optimization problem can be formulated to solve this problem. Springs (5i through S") are attached at specific locations along the connecting boundaries. The stiffness rates of these springs are design variables of the topology optimization problem. The topology optimization obtains an optimal design close to the "true" optimum. Since the springs are attached only to the grid points in a finite-element model, the topology If an optimal design from a topology optimization of connections is used as an initial design for a geometry optimization of connections, the combination of topology and geometry optimization captures the "true" optimum shown in Fig, 3 .4(^). The solution error of the topology optimization of connections for location design of connections is bounded by the sizes of the finite elements in the structural model. Since the meshes of finite-element models are usually sufficiently fine, performing geometry optimization after topology optimization is not necessary for engineering applications. Additionally, geometry optimization is difficult to be applied to complex real engineering problems, since defining suitable connection lines along which the connections move is challenging, especially for structural systems with complex geometries. Topology optimization of connections is discussed throughout the remainder of this paper.
Problem Formulation
The fundamental idea for topology optimization of connections, proposed here, is to model the connections between multiple components as springs. The stiffness rates of the springs are treated as design variables to achieve an optimal topology of connections that satisfies a set of constraints. The intermediate stiffnesses of the springs are penalized such that the stiffnesses at the optimum move to the two possible extremes, i.e., maximum stiffness and no stiffness. The maximum stiffness is set to the stiffness of the connections to be designed. At the optimum, if the stiffness of a spring reaches its maximum value, the connection is structurally effective and should be retained in the optimal design; if the stiffness of a spring reaches zero, the connection must be deleted in the optimal design. This penalty technique is the same as the density method reviewed in the Introduction. Despite lack of a rigorous proof (Bends0e, 1989) , this method is used commonly and successfully in topology optimization of structures (Mlejnek, 1992 and Yang and Chahande, 1995; and Yang and Chuang, 1994 ).
An optimization model is formulated to solve the topology optimization problem of connections for a multi-component structural system. The system is modeled using finite elements. The connections are modeled as springs on all possible candi- date locations. The objective of the optimization process discussed here is to reduce the number of connections to reduce cost, given the performance of the structural system, or to improve the performance given the number of connections in the structural system. If the optimal number of connections in the first problem is the given number of connections in the latter problem or the optimal performance in the latter problem is the given performance in the first problem, then both problems are mathematically equivalent and have the same optima. Focusing on the latter problem, the objective is to minimize the mean compliance of the structural system, i.e., to maximize its stiffness. The constraint is chosen to be the given number of connections. The mathematical model for the topology optimization of connections is as follows:
where Fi and M, are load (consisting of forces and moments) and displacement (consisting of translational and rotational components) vectors, respectively, / and w, are the index and weight factors for different load cases, respectively, m is the number of load cases, A^ is the given number of connections, K is the global stiffness matrix of the structural system, and x,'s are design variables. Assuming that the design variables are either zero or one at the optimum-this assumption is elaborated upon in the next paragraph-according to the constrain function/i in Eq. (Ifo), the number of connections retained in the optimum is equal to the given number of connections. To avoid numerical problems in the optimization algorithm, in the implementation of the model, the lower bounds on the design variables, Xj, are small positive numbers instead of zero. The objective function (/", the mean compliance) is a function of design variables, and its value can be obtained by solving the equilibrium equations using a finite-element method.
The penalty function used to scale and relate the design variables to the stiffnesses of the springs is given in Eq. (2) and depicted in Fig. 5 .
where x,'s are design variables ranging from 0 to 1, and n is the number of design variables, i.e., the number of possible connection points, /f,'s are variable stiffnesses of spring elements during the optimization process, p is a penalty factor, and A:",' s are stiffnesses of the connections. If the connections are rigid, fc", are infinite stiffnesses and set to large numbers for computer implementation. As shown in Fig. 5 , when a design variable goes to one, the stiffness of the corresponding spring element will go to the maximum possible stiffness, i.e., the stiffness of connections; when a design variable goes to zero, the stiffness of the corresponding spring element goes to zero and there is no connection. factor, p, is too large, the gradients of the objective function change drastically from one iteration point to the next, causing convergence problems for the optimization algorithm. Values for the penalty factor between 2 and 4 are recommended in the literature (Mlejnek, 1992 and . In cases where several components are joined by one connection, or several connections must be applied simultaneously, the design variables for the connections must be linked to one design variable (see Section 6 for details).
Gradient Calculation
An efficient gradient calculation method is required for the topology optimization of connections, since such problems may involve a large number of design variables. The objective function,/", is an explicit function of the state variables or displacements, M/. Assuming the loads are constant (independent of design), we obtain:
by partial differentiation of Eq. (la) with respect to jc,-. The dui/ dx, can be obtained by differentiating the following equilibrium equations:
I.e.,
K{du,ldXi) + {dKldXi)u, = idF,/dxi) (4b)
Since the loads are constant, dF,/dXi vanishes. Therefore, 
Since design variables, x,, appear only in specific spring elements, Eq. (5) should be evaluated only at the element level. An analytical solution to the gradients of the objective function with respect to a design variable x, is obtained as follows:
where k^i is the local stiffness matrix of the connection. The analytical gradient-calculation method presented here is accurate and efficient. The gradients of the constraint functions can be calculated trivially for all design variables.
Optimization Method
Efficiency is a key consideration for selecting optimization methods for all optimization problems. Especially, since the topology optimization problem of connections may represent a large-scale problem (for example, for vehicle bodies), a careful selection of the optimization method is called for. An efficient optimization method is chosen based on the characteristics of the topology optimization for connections. There are two essential characteristics for this optimization problem. First, the structural analysis is computationally costly-to solve the equilibrium equations and to obtain the objective function value by a finite-element method. Second, there are many design variables and only one constraint (except for the bound constraints on the design variables.) Since the structural analysis is computationally costly, an approximation technique is necessary to improve the efficiency of the optimization algorithm. By using an approximation technique, only the approximation of the objective function is computed during the optimization process in each optimization iteration. Therefore, only one structural analysis is required in each iteration. For a recent comprehensive review on function approximations in structural optimization applications, the reader should consult references by .
Since there are many design variables, usually hundreds or thousands, and only one constraint, solving this problem in the original design space (referred to in the literature as primal space) poses difficulties. This problem can be solved more efficiently in the so-called dual space, where the problem is transferred to an equivalent problem whose number of variables equals the number of constraints. The problem posed here is transferred to a problem with only one design variable; solution to such a problem is efficient and robust. In conclusion, the convex approximation methods, which combine the approximation techanique with dual methods, are suitable for this problem. For details about comvex approximation methods, read should consult references by Fleury and Breibant (1986) , Svanberg (1987) , Papalambros (1995 and and .
Optimal Design of Spot-Weld and Adhesive Bond Patterns
As mentioned in the Introduction, there are numerous applications to the general methodology presented in this paper. Here, we focus on two application areas of particular interest to the automotive industry, namely, spot-welds and adhesive bonds.
The locations of spot-welds and adhesive bonds significantly affect the performance of a structural system. Indiscriminate use of spot-welds and adhesive bonds is prohibitive from a cost point of view. Therefore, a reduction in the number of spotwelds or the amount of adhesive, while maintaining structural performance, is an important task in structural system design. Traditionally, patterns and locations of spot-welds and adhesive bonds have been determined by design engineers based on their past experience. In this section, the method of topology optimization of connections is implemented for these two types of connections. This implementation significantly improves the design process of spot-welds and adhesive bonds.
The method of topology optimization of connections is readily applicable to the optimal design of spot-weld patterns. Traditionally, a spot-weld is modeled as a rigid bar element, an infinitely stiff spring. Therefore, in this implementation, the stiffness of a connection, fc", in Eq. (2), should be infinite, and is set to a sufficiently large number for computer implementation. Three to six spring elements corresponding to translational and rotational directions may be used to model a spot-weld, depending on the type of the element used in the structural model. The springs corresponding to one spot-weld are linked into one design variable such that if the design variable goes to one, then the stiffnesses of all the springs should go to the stiffness of the spot-weld, koi in Eq. (2), and if the design variable goes to zero, then the stiffnesses of all the springs should go to zero. Similarly, if more than two panels are welded together, the springs corresponding to the spot-weld for the multiple panels are linked into one design variable.
The method of topology optimization of connections can also be applied to the optimal pattern design of adhesive bonds. Adhesive bonds on a structural system are divided into patches around grid points. Each patch of adhesive bond is modeled as a cluster of three spring elements corresponding to three perpendicular directions (two in shear and one in normal directions ). For example, in structural analysis of automobile structures, the stiffness rates of an area A of the adhesive bonds in the three directions are: k^ = ky = k,i,^^,{GA/t) and k, = knormAEA/t)
where E and G are Young's modulus and shear modulus of the 44 / Vol. 119, MARCH 1997 Transactions of the ASME adhesive, respectively, ; is the thickness of the adhesive layer, and kshcm and fc"oimai are nondimensional parameters that can be determined empirically. The stiffness of the connection, fe", in Eq. (2), should be the stiffness of the patch of adhesive in each direction. The patch of adhesive is accumulated to a nodel point and modeled as springs. The three springs corresponding to the three directions should be linked, such that each patch of adhesive has only one design variable as in the optimal design of spot-weld patterns. If the design variable goes to one, then the stiffnesses of the three springs should go to the stiffness of the patch of adhesive; if the design variable goes to zero, then the stiffnesses of the springs should go to zero. In the case where multiple patches of adhesive must be applied together, all springs corresponding to the multiple patches of adhesive are linked into one design variable in the same way.
Examples
Three examples are presented in this section to validate the optimization method presented in this paper. Two examples present the optimal design of spot-weld patterns, and the third validates the optimal design of adhesive bond patterns. A penalty factor p equal to 2 is used for all examples.
Three-Bracket Design.
This example is a threebracket design problem as shown in Fig. 6 . The design problem is to connect two horizontal brackets via a third vertical (intermediate) bracket using spot-welds on the two overlapping areas. Two load cases are applied in-plane at the end of one of the brackets. An end of another bracket is fixed. In the initial design, fifty spring elements, indicated by the letters K's in Fig. 6 , are used to model the spot-welds in the connecting (overlapping) areas during the optimization process. The number of spotwelds that is imposed as constraint is eight. Equal weighting factors are used for the two load cases.
The optimization method identifies the eight corners of the two rectangular overlapping areas as the optimal spot-weld locations. Such a pattern is very intuitive for structural engineers for this simple example. Since there are two disjoint areas of welds (springs) for this design problem, the example serves as a suitable validation problem, since errors in modeling and optimization become apparent rather easily. The stiffness of the joint for all three load cases is maximized for a given number of spot-welds, i.e., 41. The weighting factors are 4 for the fore-aft load case, and unity for the other two load cases, since the fore-aft load is dominant.
The results are summarized in Table 1 and show that the optimized design outperforms the baseline design with the same number of spot-welds. Since the shapes of the panels in the joint are complex, the spot-welds for the initial design and optimized design are not shown in the Fig. 7 . For the case where the given number of spotwelds is set to be 36, the responses of the optimal design are given in the third row of Table 2 . The results show that the optimal design outperforms the baseline design with 5 fewer spot-welds, i.e., five spot-welds can be saved for the spot-weld design problem without sacrificing the structural performance of the joint. Although the increase of the stiffness in the first case is not significant, the reduction of five spot-welds has a significant effect on the design considering each spot-weld can cost several thousands of dollars in an assembly line each year. Fig.  8 . The hat section has two panels connected along two flanges by 74 spot-welds and adhesive bonds. The patterns and locations of the adhesive bonds are optimized, and the spot-welds are retained as they were. Three moments (corresponding to different load cases) are applied at one end of the hat section, and the other end is clamped. In a baseline design, the adhesive is applied on the entire flanges, not shown in Fig. 8 . Prior to the current research, a group of engineers conducted a study to determine the effects of patterns of adhesive on the stiffness of the hat section. Different patterns for the adhesive design were applied manually and analyzed. The conclusion of the earlier study was that the tight bond was the optimal design for the hat section.
Hat Section Design. This example is shown in
In this example, the baseline design is used as an initial design to optimize the adhesive patterns and locations, and to compare the results with those of the previous study. The adhesive on the whole flange is modeled as 1738 clusters of springs. Each cluster consists of three springs that represent stiffnesses of the patch of adhesive in three directions. Four hundred and seventy (470) clusters of springs are retained in the optimal design, by imposing a corresponding constraint on their number. The three load cases are weighted equally in the objective function. The result shows that the adhesive close to the root of the flange is retained in the optimal design as indicated in Fig. 8 . This result is the same as obtained from the previous study. The formal optimization approach can significantly reduce design cycle time in the design process. The structural stiffness of the optimal design is nearly the same as the baseline design, as shown in Table 2 . This optimization exercise shows that approximately three fourths of the adhesive can be saved by the optimization method with a nominal loss in structural performance. the reviewers for their insightful comments and thank G. Hulbert, R. Krishnamachari, Z. Li, and N. Michelena of The University of Michigan for useful discussions on the definition of topology of connections.
Concluding Remarks
A systems approach to structural topology optimization is presented. The topology of connections between components is defined, and a new classification for structural optimization problems is introduced. Based on the concepts introduced, the topology optimization problem of connections in multi-component systems is formulated and solved. The proposed optimization method uses an analytical method for the gradient calculation and a convex approximation method for optimization iterations. This method is efficient and therefore, can be applied to large-scale problems. The topology optimization of connections discussed in this paper has a wide range of applications. As examples, the method has been validated for the optimal design of spot-weld and adhesive bond patterns. The methodology discussed in this paper can be extended to other optimal connection problems. Including constraints from domains other than static compliance is another possible future direction for research. Fig. 8 Hat section design
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